
ECLÉTICA
química

www.scielo.br/eq
Volume 35, número 3, 2010

103

Artigo/Article

Ecl. Quím., São Paulo, 35 - 3: 93 - 102, 2010102

Artigo
Article

Conclusions

Simple spectrophotometric method for the 
determination of NVP have been developed and 
validated according to ICH guidelines. The me-
thod is simple and easy to perform compared to 
other existing methods and do not entail any rigo-
rous experimental variables which affect the relia-
bility of the results. The ingredients usually pre-
sent in the pharmaceutical formulations of these 
drugs seldom interfere in the proposed methods. 
The proposed method is simple, accurate and easy 
to perform and can be used for the routine deter-
mination of NVP in bulk and in dosage forms.
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Abstract: The arbitrary angular momentum solutions of the Schrödinger equation for 
a diatomic molecule with the general exponential screened coulomb potential of the form 

( ) ( ) ( ){ }br2ebr11r/arV −++−=  has been presented.  The energy eigenvalues and the corresponding 
eigenfunctions are calculated analytically by the use of Nikiforov-Uvarov (NU) method which 
is related to the solutions in terms of Jacobi polynomials.  The bounded state eigenvalues are 
calculated numerically for the 1s state of N2 CO and NO

Keywords: Nikiforov-Uvarov method, Eigenvalues, Eigenfunctions, General Exponential Screened Cou-
lomb Potential.

Introduction

The exact analytic solutions of the wave 
equations (non-relativistic and relativistic) are 
only possible for certain potentials of physical in-
terest under consideration since they contain all 
the necessary information on the quantum system 
[1].  It is known that for certain potentials, the 
Schrödinger equation can be solved for the angu-
lar momentum quantum numbers 0=  [2]. How-
ever, in some cases, like for the 0≠  states, some 
approximations are often used to obtain analytic 
solutions of the Schrödinger equation [3 – 5].

A more general exponential screened cou-
lomb (MGESC) potential used in this paper is of 
the form [6]:

( ) ( ) ( ){ }br2expbr11
r

a
rV −++⎟

⎠
⎞⎜

⎝
⎛−= (1)

where a is the strength coupling constant 
and b is the screened parameter.  The potential in 
equation (1) is known to describe adequately the 
effective interaction in many-body environments 
of a variety of fi elds [6].  In this paper, we have de-
cided to explore the possibility of also using it in 
obtaining bound state solutions of the Schrödinger 
equation for diatomics using Nikiforov-Uvarov 
(NU) method.
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Overview of Nikiforov-Uvarov (NU) Method

The NU method is based on the solutions 
of general second order linear differential equa-
tions with some orthogonal functions [7]. For the 
given potential, the Schrödinger equation in the 
spherical coordinates is reduced to a generalized 
equation of hyper-geometric type with an appro-
priate )r(ss =  coordinate transformation.  Thus, it 
has the form [8]:

( ) ( )
( ) ( ) ( )

( )
( ) 0s

s

s
s

s

s
s

2
=ψ

σ
σ+ψ′

σ
τ+ψ ′′ (2)

,
where ( )sσ  and ( )sσ  are polynomials, at most 

second-degree, and ( )sτ  is a fi rst-degree polyno-
mial.  To fi nd a particular solution of equation (2), 
we use the following transformation [9]:

( ) ( ) ( )syss φ=ψ (3)
This reduces Schrödinger equation (2) to 

an equation of hyper-geometric type:
( ) ( ) 0yysys =λ+′τ+′′σ (4)

where ( )sφ  satisfi es ( ) ( ) ( ) ( )s/ss/s σπ=φφ′ , 
y(s) is the hyper-geometric type function whose 
polynomial solutions are given by the Rodrigues 
relation:

( ) ( ) ( ) ( )[ ]ss
ds

d

s

B
sy n

n

n
n

n ρσ
ρ

= (5)

where nB  is a normalization constant and 
the weight function ρ  must satisfy the condition 
[9]:

( ) ( )[ ] ( ) ( )ssss ρτ=′ρσ (6)

The function π  and the parameter λ  re-
quired for this method are defi ned as:

σ+σ−⎟
⎠
⎞⎜

⎝
⎛ τ−σ′

±τ−σ′
=π k

22

2 (7)

and

π′+=λ k (8)

Here, ( )sπ  is a polynomial with the param-
eter s and the determination of k is necessary for 

( )sπ  to be obtained.  To fi nd k, the expression un-
der the square root must be square of a polynomi-
al.  A new eigenvalue equation for the Schröding-
er equation thus becomes:

( ) ( ),,2,1,0n,
2

1nn
nn =σ′′−−τ′−=λ=λ (9)

where

( ) ( ) ( )s2ss π+τ=τ (10)

and ( )sτ′  must be negative.

Bound State Solutions via Nikiforov-Uvarov 
(NU) Method

The potential in equation (1) is substituted 
into the radial Schrödinger equation given as:

( ) ( ) ( ) ( ) ( ),rRrErRrV
r2

h1

dr

d
r

dr

d

r

1

2

h
nnn2

2
2

2

2


 =

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+

μ
++⎟

⎠
⎞⎜

⎝
⎛

μ
− (11)

where n denotes the radial quantum num-
ber which together with   are both named as the 
vibration-rotation quantum numbers in molecular 
chemistry, r is the internuclear separation, nE  is 
the exact bound state energy eigenvalues and V(r) 
is the internuclear potential energy function and 
we obtain:

( ) ( ) ( ) ( ) .0rR
r2

h1
abee

r

a

r

a
E

h

2

dr

rdR

r

2

dr

rRd
n2

2
br2br2

n2
n

2
n

2
=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

μ
+−+++μ++ −−


  (12)

Equation (12) can be rearranged to give:

( ) ( ) ( ) ( ) ( ) ( ) .0rR
2

h1
raearabeE

h

2

r

1

dr

rdR

r

2

dr

rRd
n

2
br22br2

n22
n

2
n

2
=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

μ
+−+++μ++ −−


 

 
(13)

Introducing the following dimensional pa-
rameters:

[ ] ,abeE
h

2 br2
n2

2 −+μ=ε  (14)

[ ]br2
2

aea
h

2 −+μ=β− (15)

( )1+=γ  (16)

equation (13) is written as:

( ) ( ) ( ) ( ) .0rRrr
r

1

dr

rdR

r

2

dr

rRd
n

22
2

n
2

n
2

=γ−β−ε++ 


 
(17)

A comparison of equations (2) and (17) re-
veals the following polynomials:

( ) ,2r =τ  ( ) ,rr =σ  ( ) γ−β−ε=σ rrr 22 (18)

Substituting these polynomials into equa-
tion (7), we get ( )rπ  as:

( ) ( ) 14rk4r4
2

1

2

1
r 22 +γ+β++ε−±−=π (19)

and ( )rσ′  is taken equal to 1.  The discri-
minant of the expression under the square root in 
equation (19) has to be zero for it to have equal 
roots.  Therefore, we get:

( )[ ] ( )( ) 01444k4 22 =+γε−−β+ . (20)

On solving equation (20) for k we get:

14ik +γε±β−=± , (21)

where

14ik +γε−β−=−
(22)

and

.14ik +γε+β−=+
(23)

Substituting ±k  into equation (19), gives 
the following four possible solutions obtained for 

( )rπ  as:

( )
⎪
⎪
⎩

⎪⎪
⎨

⎧

+γε+β−=+γ+ε

+γε−β−=+γ−ε
±−=π

+

−

.14ikfor,14
2

1
ri

14ikfor,14
2

1
ri

2

1
r

(24)

From the four possible forms of ( )rπ  in 
equation (24), we select the one for which the 
function ( )sτ  in equation (10) has a negative de-
rivative.  ( )sτ  satisfi es these requirements with:

( ) 14ri21r +γ+ε−=τ (25)

and

( ) 0i2r <ε−=τ′ (26)

From equation (8), we obtain:

ε−+γε−β−=λ i14i (27)

and also

.,3,2,1,0n,ni2n =ε=λ=λ (28)

We then obtain the parameters 2ε  as:

.
14n21

2

2

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

+γ++
β−=ε (29)

Substituting the values of 2ε , β  and γ  
from equations (14) – (16) into equation (29), 
yields:

( ) ( )[ ]

2
br2

2
br2

n
114n21

aea

h

2
abeE

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

++++
+μ+−=

−
−




.

(30)

To fi nd y(r), we fi rst obtain ( )rρ  from equa-
tion (6) as:
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( ) ri2141 err ε−+γ+=ρ . (31)

Substituting this into the Rodrigues rela-
tion given in equation (5), we get:

( ) ( ) ( )
⎥⎦
⎤

⎢⎣
⎡= ε−+γ++ε+γ+− ri2141n

n

n
ri2141

nn er
ds

d
erBry 

,
(32)

nB  is the normalization constant.  The 
polynomial solutions of ( )ryn  in equation (32) 
are expressed in terms of the associated Laguerre 
polynomials, which is one of the orthogonal poly-
nomials. We write:

( ) ( )vLry 141
nn

+γ+= , (33)

where ,ri2v ε=  therefore,

( ) vi2r 1−ε= . (34)

By substituting ( )rπ  and ( )rσ  into the ex-
pression ( ) ( ) ( ) ( )r/rr/r σπ=φφ′  and solving the re-
sulting differential equation, the other part of the 
wave function in equation (3) is obtained as:

( ) ri14
err 2

1
2
1 ε−−+γ=φ

(35)

or in terms of v,

( ) ( ) 2
v

2
1

2
1

2
1

2
3

evi2v
1414 −+γ+−+γ+−ε=φ . (36)

Combining the Laguerre polynomials and 
( )vφ  in equation (3), enables the radial wave func-

tion to be constructed as:

( ) ( )rArR nnn  ψ= (37)

( ) ( ) ( )vLevi2ArR 141
n

1414
nn

2
v

2
1

2
1

2
1

2
3 +γ+−+γ+−+γ+−ε=∴  .

(38)

If we introduce the variable 14
2

1 +γ=α , 
equation (38) becomes:

( ) ( ) ( )vLevi2ArR 21
nnn

2
v

2
1

2
3 α+−α+−α+−ε=  .

(39)

To fi nd nA , a new normalization constant, 
we write:

( )∫
∞

=
0

2
n .1drrR 

 

(40)

Therefore,

( ) ( )[ ] .1dvvLevi2A

0

212
n

v12322
n =ε ∫

∞
+α−−α−α

 (41)

The above integral can be evaluated by us-
ing the recursion relation for Laguerre polynomi-
als and nA  is found to be:

( ) ( )
( )( )

2
1

3

23

n
!n22n2

i2!12n
A

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

+α−
ε+α−=

α−



.

(42)

Therefore, ( )rRn  becomes:

( ) ( ) ( )
( )( )

( ) ( ).vLevi2
!n22n2

i2!12n
rR 12

n3

23

n
2
v

2
1

2
3

2
1

+α−−αα+−
α−

ε
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

+α−
ε+α−= (43)

Conclusion

The analytical solutions of the Schröding-
er equation for the general exponential screened 
coulomb potential has been presented.  The Niki-
forov-Uvarov method employed in the solutions 
enables us to explore an effective way of obtain-
ing the eigenvalues and corresponding eigenfunc-
tions of the Schrödinger equation for any  - state. 

Finally, we calculate the energies of the ex-
ponential screened coulomb potential for diatomic 
molecules by means of equation (30) for the 
- state.  The explicit values of the energy at dif-
ferent values of the screened parameter are shown 
in Table 1.

Table 1. Bound State Eigenvalues for 05.0b0 ≤≤  
for the 1s State of Diatomic Molecules in Atomic 

Units ( )1ah ==μ=

b E1s(ev)

2N CO NO

0.01 0.2348302 0.2346764 0.2345716

0.02 0.2202668 0.2199730 0.2197791

0.03 0.2062752 0.2058684 0.2056002

0.04 0.1928410 0.1932419 0.1920133

0.05 0.1799455 0.17937370 0.1789975

Note: The r values for 2N (1.0940), CO (1.21282) and NO (1.1508) were adapted from M. Karplus and 
R. N. Porter, Atoms and Molecules: An Introduction for Student’s of Physical Chemistry, Benjamin, 
Menlo Park, CA, 1970.
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